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ABSTRACT

Classical statistical hyperspectral target detectors rely on
accurate covariance matrix estimation, particularly in high-
dimensional settings. Tapering-based covariance estimators
have improved such estimation in many applications. In this
paper, we investigate the impact of different tapering weights
within the TApered or BAnded Shrinkage COvariance ma-
trix (TABASCO) framework. We demonstrate that both the
exponential and wendland non-linear tapering weights can
significantly improve the target detection performance in
both Monte-Carlo simulations and hyperspectral data.

Index Terms— Hyperspectral target detection, covari-
ance estimation, TABASCO, tapering weights.

1. INTRODUCTION

In hyperspectral imagery, pixels are represented by vectors
whose entries correspond to spectral bands, and images are
represented by 3-D hypercubes. One of the most impor-
tant applications of hyperspectral imagery is target detection,
which can be viewed as a binary classification problem where
pixels are labeled as target or background based on their spec-
tral characteristics [1]. Its rich spectral information allows
for more accurate material identification, and the main chal-
lenges lie in data variation modeling due to material spectral
variability, atmospheric effects, and sensor noise.

Conventional target detection methods generally rely on
the Gaussian assumption to model the background. Several
statistical hypothesis testing techniques have been proposed
in the literature to detect various targets of interest in hyper-
spectral imagery [2]. However, the detection performance of
these classical detectors [1, 2] mainly depends on the true un-
known covariance matrix (of the background surrounding the
test pixel), whose entries have to be carefully estimated, es-
pecially in large dimensions.

As the capacity to measure and collect data increases, high
dimensional signals and systems have become more and more
prevalent. Hyperspectral imagery analysis is an example of
areas in which the dimensionality of signals is growing ex-
plosively. This growth presents new challenges in the mod-
eling and analysis of high dimensional data. In hyperspec-
tral imagery, the dimensionality of signals often grows much

faster than the number of available secondary data, and hence,
it becomes impractical to use traditional covariance estima-
tors where the target detection performance of the classical
target detectors can deteriorate significantly. Usually, the re-
searchers assume that compounding the high dimensionality
problem can be alleviated via tapering and shrinkage tech-
niques.

This paper exploits the use of the TApered or BAnded
Shrinkage COvariance matrix (TABASCO) estimator [3] for
hyperspectral target detection in the case when the number
of spectral bands is higher than the number of secondary data
used to estimate the true unknown covariance matrix. This es-
timator mainly shrinks the tapered sample covariance matrix
towards a scaled identity matrix after choosing a specific lin-
ear tapering weight. Our main contribution in this paper lies
in replacing the conventional linear tapering weights by non-
linear tapering ones designed to better capture the correlation
structure of hyperspectral imagery.

2. BACKGROUND AND SYSTEM OVERVIEW

Consider each pixel in the hyperspectral image, x € RP, as
a p-dimensional vector that follows a Gaussian distribution
with unknown mean g € RP and covariance matrix ¥ €
RP*P_where p designates the total number of spectral bands.
Given n secondary data {x; }* ; used for local covariance es-
timation, the traditional (unbiased) estimator of X is the sam-
ple covariance matrix defined as
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where fr = 237" | x;. When p > n, the estimator Ssoum
is ill-conditioned and not invertible. However, the problem
of estimating high-dimensional covariance matrices has been
extensively studied. Realizing the challenges brought by the
high covariance dimensionality, researchers have proposed
various regularization techniques in many applications, such

as shrinkage and tapering.
Chen et al. [4] further developed the concepts of taper-
ing and shrinkage by enhancing the estimator through their
proposal of the shrinkage-to-tapering oracle approximation



(STOA), which is based on the Gaussian assumption. Sub-
sequently, Zhou et al. [5] studied the STOA under both Gaus-
sian and non-Gaussian data. The limitation of this study is
that in high-dimensional setting, the covariance matrix esti-
mations are not necessarily positive semi-definite. This re-
striction prevents any guaranty for a regularized positive def-
inite estimation, which is essential for many statistical hyper-
spectral imagery and detection applications.

The tapering of 3N scm is defined as W o ) sc M, Where o
represents the Hadamard element-wise product [6] and W =
[wij]pxp 1s the tapering weight matrix, where w;; € [0, 1].
The role of W is to control how strongly to keep each co-
variance entry. By assuming that w;; = g(z), the function
g should be continuous, symmetric, positive definite, satisfy
g(0) = 1, and decreasing. Such a positive-definite linear ta-
pering weight which considers that entries different than the
diagonal are less important [7, 8], can be defined as
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where k € [1, p] is the bandwidth parameter which controls
the sparsity level, and |i — j| is the spectral bands difference.
Another linear tapering weight that keeps the entries near the
diagonal fully, then decreases linearly, and finally sets far en-
tries by zero [9], can be defined as
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The linear tapering weight avoids an abrupt cutoff of jumping
directly from 1 to 0; this usually gives a smoother covariance
estimation. In addition, the choice of k clearly affects the
performance of the tapering matrix, where the optimal choice
of k depends on measuring the norm of the estimation error.

Ollila et al., in [3], proposed the TABASCO estimator,
which combines tapering weight that imposes the structure of
the covariance matrix and shrinkage toward a scaled identity
matrix that stabilizes the estimator when the number of sec-
ondary data is small. This work motivates the estimation of
the true unknown covariance matrix 3, especially under the
elliptical distribution, where Ollila proved in the experiments
the advantage of TABASCO compared to the state-of-the-art
as STOA approach. Ollila focused on the conventional linear
tapering weights (that is, in (2) and (3)) in the simulation stud-
ies, while the Kronecker sinc tapering weights were used for
real space-time adaptive processing (STAP) experiments. The
main limitation of [3] of the Kronecker sinc tapering weights
that we found out is the computational burden for hyperspec-
tral imagery. In addition, the results of the linear tapering
weights were implemented only in sparse covariance settings,
which may fail in other scenarios.

In this paper, we propose to replace the conventional lin-
ear tapering weights in (2) and (3) by two non-linear ones
that we expect to improve the target detection performance in
hyperspectral imagery. Our two proposed tapering weights,
in section 3, are evaluated for hyperspectral target detection
using the normalized matched filter. More precisely, we first
perform a thorough evaluation of the two proposed taper-
ing weights on some Monte-Carlo simulations for three true
covariance matrix models of different sparsity levels in sub-
section 4.1. From our simulations, the target detection results
show that in truly sparse models, our two proposed tapering
weights achieve almost the same detection performance as
the conventional linear ones. However, when the true covari-
ance model is not sparse or dense, we find that empirically
our two proposed weights significantly improve the target
detection performance compared to the conventional linear
weights. Next, in subsection 4.2, our two proposed weights
are evaluated on synthetic data, the results of which demon-
strate their effectiveness in detecting targets with low target
fill-fraction. Finally, section 5 gives concluding remarks and
some directions for future work.

3. MAIN CONTRIBUTION

Before describing the proposed two non-linear tapering
weights, we recall the TABASCO estimator that jointly lever-
ages shrinkage to identity and tapering as
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where T'r (.) stands for the trace, and 8 € [0, 1] is the shrink-
age coefficient that controls the balance between the struc-
tured covariance term and the identity matrix. However, if 3
is close to 1, the algorithm trusts the tapered covariance esti-
mate more strongly. If 3 is close to 0, the algorithm prefers a
stronger shrinkage toward the identity matrix. Both the pa-
rameters 5 and k are computed by jointly minimizing the
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of elliptically symmetric distribution [10].

All parameters used in TABASCO and the mathematical
derivations of both 3 and k, are detailed in [3]. In this work,
we adopt the TABASCO framework and focus on the design
of alternative tapering weight matrices W to improve the co-
variance matrix estimation for hyperspectral target detection.
More precisely, we propose to consider two non-linear taper-
ing weights such as the wendland and exponential.

3.1. The wendland tapering weight

The wendland weight uses a polynomial nonlinear form to re-
duce the complexity of large covariance matrices. The wend-
land tapering weights are widely used in spatial statistics and



Gaussian process modeling [11]. They have already been
used for covariance tapering estimation, but to our knowl-
edge, never in the context of hyperspectral target detection.
We consider the following wendland tapering weight [12]:
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3.2. The exponential tapering weight

We aim to develop the exponential tapering weight, only men-
tioned in Bickel and Levina [7], which satisfies the weight-
tapering properties. We consider the following weight:

wﬁf)=exp(—";‘") . )

In this context, the tapering parameter k chosen by TABASCO
implementation will control the decay speed where a small &k
gives fast decay, otherwise a slow decay. To our knowledge,
the exponential weight has not been used before neither for
tapering covariance estimation nor in the context of hyper-
spectral target detection.

3.3. Our main motivation

In hyperspectral imagery, adjacent spectral bands are highly
correlated because they correspond to neighboring wave-
lengths measuring the same physical materials. This moti-
vates our contribution to investigate a suitable covariance
non-linear tapering weights to improve the target detec-
tion. The wendland tapering weight is mainly motivated
by its ability to improve the covariance estimation by cre-
ating sparse covariance matrices, which greatly preserves
local spatial dependencies while maintaining positive def-
initeness and reducing estimation variance. On the other
hand, the exponential weight reflects the good transition in
spectral responses that are continuous and smooth across
wavelengths. Furthermore, the spectral correlations typically
decay smoothly where nearby covariance coefficients receive
a large weight, which means neighboring spectral bands are
highly correlated. Unlike hard-band tapering, which removes
distant covariance entries, exponential and wendland tapering
progressively preserve long-range information. Accordingly,
both tapering weights aim to improve covariance estimation,
reduce the variance associated with high-dimensional covari-
ance estimation, and achieve a better bias—variance tradeoff.
Figure 1 compares the wendland and exponential tapering
weights with the two conventional linear tapering ones in (2)
and (3). As we can observe, the weight in (2) introduces a dis-
continuous weighting function and additional bias if the true
covariance matrix contains significant correlations beyond
the selected band. However, the weight in (3) assumes that
correlation will decrease linearly with distance and equally
without considering the actual correlation structure. On the
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Fig. 1. Comparison of tapering weights.

other hand, the wendland weight provides smooth nonlinear
attenuation of covariance coefficients. In contrast, exponen-
tial weight eliminates the need for a threshold, which provides
smoothness, monotonicity, and continuity. Neither the Wend-
land nor the exponential tapering weights have previously
been considered in the TABASCO framework and especially
for hyperspectral target detection. Therefore, this work com-
pares the two considered non-linear tapering weights with the
conventional linear tapering ones in (2) and (3) to evaluate
the detection performance in hyperspectral imagery.

4. HYPERSPECTRAL TARGET DETECTION

In this section, we perform both Monte-Carlo simulations as
well as synthetic experiments to gauge the target detection
performance of our proposed non-linear tapering weights in
subsections 3.1 and 3.2. We mainly focus on the case when
p > n. The target detection is formulated as a hypothesis test-
ing problem to determine whether each test pixel contains the
target of interest or not. To do this, we employ the Adaptive
Normalized Matched Filter (ANMF) [13]:
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where x € RP is the test pixel and t € RP? is the known
target signature. The threshold § > 0 is selected according
to the desired probability of false alarm (Py,): the null hy-
pothesis H (target absent) is accepted for detectors that does
not exceed J. Otherwise, the alternative hypothesis H; (tar-
get present) is accepted. We denote the covariance matrices
estimated using our proposed non-linear wendland and expo-
nential tapering weights in (4) and (5) by fIWend]and and fJExp,
respectively. The following covariance matrices will be used
in the comparison:

‘ ~—1

ANMF(x) =

. ﬁ)SCM: the sample covariance matrix in (1);

. ﬁLmear(Z) and ﬁLmear@): the TABASCO estimator using
the tapering weight in (2) and (3), respectively.

Note that in the Monte-Carlo simulations only, all the covari-
ance matrices above will be further compared with the true
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Fig. 2. Receiver operating characteristic (ROC) curves, in
terms of (Py, Prq) and (Py, SN R), of the different covari-
ance estimators under different covariance structures. From
top row to bottom row: AR(1) covariance model, triangular
covariance model with r = p/2, triangular covariance model
with r = p.

known covariance matrix, denoted as X7 gy g, which should
obviously achieve the best target detection performance.

4.1. Monte-Carlo simulations

In this section, we perform 10* Monte-Carlo trials using all
TABASCO estimation settings with the elliptically distributed
background generated under the sphericity of Elll-estimator
(for more details, see subsection V-A in [3]). We fix n = 30,
p = 100, and the secondary data are generated from a p-
variate K -distribution with shape parameter equal to 0.5. The
experiments are conducted on the following true covariance
matrices:

e The Autoregressive model order 1, AR(1):
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* The triangular matrix with » = p/2 and r = p:
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The AR(1) is approximately sparse. The triangular matrix
with » = p/2 is much less sparse than AR(1), whereas the
one with r = p is very dense.

Figure 2 confirms that both ﬁ]wendland and ﬁ]EXP signifi-
cantly improves the target detection performance especially
when the true covariance matrix is not sparse. However, ﬁ)Exp
achieves the highest probability of detection (F;). Because
of the significant sparsity displayed in AR(1), fJLinear(g) and
ﬁLinear(S) perform similarly to waBndland and f]Exp. On the
other hand, the triangular model with both » = p/2 and r =
p, demonstrates that ﬁlExp outperforms the other estimators.

Since p > n, Mg performs quite badly: its flat P;—SNR
curves match its low P at fixed P, in the ROC curves. More
importantly, 2Linear(2) and ﬁ)Linear(3) perform poorly with the
triangular covariance for both r = p/2 and r = p.

4.2. Application on synthetic data

In this section, we perform synthetic experiments on a 101 x
101 x 186 zone acquired from the AVIRIS Cuprite dataset
[14]. We incorporate in this zone 7 target blocks (each of size
3 x 3, atotal of 63 target pixels), placed in long convoy forma-
tion (see the top left of figure 3), and all formed by the same
synthetic sulfate mineral type known as “Jarosite” selected
from the United States Geological Survey (USGS) spectral li-
brary. The seven target blocks are embedded to replace a frac-
tion from the background at the same spatial locations'. This
fraction is fixed to 0.3. The target signature t in the ANMF
detector consists of the mean of six Jarosite mineral samples
taken from the USGS spectral library. For each test pixel in
the hyperspectral image, the secondary data are constructed
using a2 9 x 9 outer window region and a 5 x 5 inner window
region. Hence, we obtain a total of n = 56 secondary data and
p = 186 spectral bands. From the top right of figure 3, we can
observe that EWendland achieves a slightly better target detec-
tion than ﬁ]EXP, where both significantly outperform ELinear(z)
and ﬁlLinear@) especially at low Py, values. More precisely,
ﬁ]wendland and ﬁ)Exp achieve the best target detection perfor-
mance at P, = 107 with P; = 0.905 and P; = 0.873,
respectively. Furthermore, both ﬁ]wend]and and ﬁ)Exp are more
effective and consistent in detecting the embedded seven tar-
get blocks especially for very low Py, as shown in the visual
detection results of figure 3.

5. CONCLUSION AND FUTURE WORK

In this paper, we compare different tapering weights among
the TABASCO covariance estimation framework for hyper-

Note that both the hyperspectral image and the Jarosite target samples
are normalized to values between 0 and 1.



20 40 60 80

Fig. 3. From top left to bottom right: the original 101 x
101 x 186 pixel (mean power in dB) with the 7 embedded tar-
gets blocks at a target fill-fraction equal to 0.3; ROC curves
(same legend as in Fig.2); and thresholded detection maps
using Xpinear(2)> 2Linear(3)> 2Wendland> and gy, Tespectively.
The detector output is of size 93 x 93 pixels.

spectral target detection when p > n. Both the Monte-Carlo
simulations and synthetic experiments proved significant im-
provement in the detection performance for the wendland and
exponential tapering weight when compared to conventional
linear weights, particularly for low probability of false alarms.
Regarding future enhancements, we aim to evaluate the differ-
ent tapering weights on more challenging datasets and espe-
cially for targets with lower target fill-fractions.
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