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ABSTRACT

The analysis of complex real-world scenes, such as urban
environments, through hyperspectral remote sensing imaging,
provides a wealth of valuable data for characterizing materials
and physical phenomena present within such observed scenes.
However, the exploitation of these data often faces major
constraints related to the specific nature of these environments,
such as the complexity of their spectral mixing models
combined with the low spatial resolution of spaceborne
hyperspectral sensors providing these data to be processed.
Indeed, landscape heterogeneity and topography induce non-
linear interactions, such as multiple light reflections, combined
with significant spectral variability caused by material
diversity and atmospheric conditions. This study proposes a
fully unsupervised hyperspectral unmixing algorithm, based
on nonnegative matrix factorization, which jointly addresses
nonlinearity and spectral variability. The performance of the
proposed algorithm is evaluated through experiments
conducted on real hyperspectral data, acquired over an urban
area, to demonstrate its effectiveness in improving the
processing of data of real-world scenes.

Index Terms— Hyperspectral data, hyperspectral
unmixing, nonlinear mixing model, spectral variability
phenomenon, nonnegative matrix factorization.

1. INTRODUCTION

Compared to rural or natural areas, complex environments,
such as urban areas, are distinguished by specific spectral
characteristics, which are directly influenced by the
physicochemical properties of materials present in these
scenes and the complex light interactions occurring in such
environments [1], [2].

In this context, hyperspectral remote sensing imagery, thanks
to its ability to capture data in hundreds of narrow and
contiguous spectral bands, constitutes a privileged analysis
tool that enables a fine characterization of complex
environment dynamics [3]. This is fundamental for a wide
range of applications, from urban planning to climate and
environmental monitoring [1]. However, the exploitation of
this technology in urban environments remains constrained by
technological limitations of hyperspectral sensors and the
structural complexity of such environments [4].

Indeed, the low spatial resolution of, in particular, spaceborne
hyperspectral sensors results in mixed spectra that combine
more than one pure material spectra (called endmembers). This
prevents direct identification of such endmembers and requires
additional processing to separate these mixed spectra [4].

In its most basic form, this combination is modeled as a linear
mixture of pure material spectra, where each of the latter
spectra is weighted by its abundance fraction, thus
representing the proportion of appearance of each pure
material present in each observed pixel [4].

However, data coming from real-world scenes often involve
more complex mixing phenomena, in particular, in the
presence of a significant non-flat landscape and/or irradiance
heterogeneity. In such configurations, the mixing model
becomes intrinsically nonlinear, making data analysis more
difficult [5]-[7].

Another major challenge faced in real-world scenes is the
“spectral/intra-class variability” phenomenon [8]-[11]. This
phenomenon appears as fluctuations within spectral signatures
of the same class of material within an observed scene. These
variations result from multiple factors, including the intrinsic
diversity of materials present in an imaged scene, variations in
lighting and atmospheric conditions, spatial variations, or
material composition [8].

Therefore, to guarantee accurate analysis of such hyperspectral
data, it is essential to take into account both mixture
nonlinearity and spectral variability. To address these issues,
hyperspectral unmixing approaches are the main techniques
considered for carrying out the process of decomposing the
mixed pixel spectra of observed hyperspectral data into their
constituent pure material spectra and their corresponding
abundance fractions, in accordance with a pre-established
mixing model [4].

In this study, a fully unsupervised algorithm, which jointly
addresses mixture nonlinearity and spectral variability, is
proposed. The two issues are usually treated separately, which
limits the accuracy of analyses in urban or heterogeneous
contexts. This contribution uses a recently designed data
mixing model [12], which considers nonlinearity and spectral
variability, and proposes an associated fully unsupervised
unmixing algorithm based on the mathematical optimization
framework of Nonnegative Matrix Factorization (NMF) [13].
The proposed fully unsupervised algorithm has the following
two specific features. First, it is based on previous
bilinear/linear-quadratic mixing models known for their ability
to model multiple light reflections. Second, whereas
conventional algorithms assume a unique spectrum for each
material, the designed algorithm overcomes this limitation by
integrating spectral variability directly into the factorization
process, allowing the distinction between variations due to
physical interactions (i.e., nonlinearity) and those induced by
intrinsic changes in materials or acquisition conditions (i.e.,
spectral/intra-class variability). By jointly managing these two
phenomena, the designed algorithm allows a more accurate
estimation of abundance fractions and a more precise



identification of materials, even in scenes marked by
pronounced relief or changing atmospheric conditions. Indeed,
this synergy between physical modeling and statistical
flexibility makes it possible to process more effectively a
wider range of real-world scenes observed in Earth
observation works.

Furthermore, most importantly, this study extends the work
introduced in [12], but whereas this previous work used
predefined and fixed (i.e., without update during the
optimization process) spectra, the current designed algorithm
is completely unsupervised: spectra are now updated and
estimated iteratively during the proposed optimization
framework. This is achieved after a more suitable rewriting of
the considered cost function in order to more easily deduce an
NMF-based rule for iteratively updating the spectra. The
designed algorithm offers increased flexibility, allowing for
dynamic unsupervised adaptation to the specific
characteristics of the data being processed.

The remainder of this paper is organized as follows. Section 2
describes the considered data mixing model, whereas Section
3 introduces the corresponding fully unsupervised
hyperspectral unmixing algorithm. Experimental results are
detailed in Section 4, and Section 5 concludes this
investigation.

2. CONSIDERED DATA MIXING MODEL
As a reminder, the data model considered in this work is
described below. In this model, each spectral vector associated
with a pixel in a hyperspectral image is defined as follows [5],

[12]
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where the operator ® denotes the element-wise multiplication.
The vector 7;; € RY* <1 represents the nonnegative
reflectance spectrum associated with the j** class of materials
and pixel i.

The product 7;; O 17 is here considered as a nonnegative
“pseudo-endmember” spectrum. The coefficients ¢;(i) and
c(j i) (@) respectively correspond to the nonnegative linear and
quadratic abundances of pure material(s) j or j and k in pixel
i, with ¢;(i) satisfying the abundance sum-to-one constraint.
Finally, M and P denote the number of endmembers and
pixels, respectively, and L denotes the number of spectral
bands.

To address the spectral variability phenomenon, the model of
7;j is defined by [10]
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where a;; € RY*' denotes the vector of nonnegative

variability coefficients for the version of the j** class of
endmembers associated with pixel i, and eg,y; € RE* is the

pixel-independent  nonnegative  reference  reflectance

spectrum, associated with the j¢" class.
Introducing this model in Equation (1) gives the considered
data mixing model.
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which can be rewritten as follows
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The scale coefficient vectors a; ; adjust the spectra 1; ; relative
to the reference spectra €Ref; and are subject to the following
constraints.

0L><1 < aLXl Sai,j < ‘BLXI’ (5)

where al*? and B> are fixed coefficient vectors defining the
minimum and maximum variability levels. For all pixels, the
resulting mixing model can be compactly expressed in matrix
form as

X = (AO(Egef 1P @ Idy)) C, 6)

where X € RY*F is the observed data matrix, 1'*F € RY*P is
a unit row vector, and Idy € RY*N is the identity matrix. The
operator @ is the Kronecker multiplication operator,

with N =2 x M + 220
pseudo-endmember.

the number of endmembers and

The matrix A € ]RiX(NP) holds all nonnegative variability
coefficients and can be written as

A = [Aq|4,] |Ap], 7
with 4, € REN (1= 1...P), and A; = [Ay,,, Ar,, ], ™

where A, =[a; ... ary] and Atqua =la,s Oagr,ae1 O
Ay ey O apy | with a, j € RY

The matrix Eg.r € RN holds the N-endmember and pseudo-

endmember reference spectra. Finally, C € ]RiNP)XP is a

block-diagonal matrix of linear and quadratic abundance

fractions, corresponding to the transpose of the matrix defined
in [9].

3. DESIGNED FULLY UNSUPERVISED NMF-BASED
HYPERSPECTRAL UNMIXING ALGORITHM

The proposed fully unsupervised unmixing algorithm relies on
a pixel-by-pixel NMF approach to model the mixing function
defined in Equation (6). It estimates the matrices 4, ERef and
C that respectively correspond to A, Eres and C, using
multiplicative update rules to minimize the following cost
function
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where ||. || represents the Frobenius norm.

As a reminder, and using the work reported in [12], the
iterative and multiplicative update rules of A and C are as
follows
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where @ denotes the element-wise division and € is a very
small and positive value added to the denominator of each
update rule to avoid division by zero. The matrix A contains
linear and quadratic variability coefficients, with quadratic
terms constrained by the linear ones as follows [12]

[A]l,(l—i)N+M+(j,k) = [A]l,j(l—i)N+j
1..P

X [A]l,(l—i)N+k ?

(11)
with

s

M

N =
" =

N~ — =
-

1 k

Furthermore, to ensure physical consistency, the following
constraints are considered [12]
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Additional constraints are applied to the abundance matrix C
[12]. Linear abundances satisfy the sum-to-one constraint,
while linear and quadratic abundances are upper-bounded by,
respectively, p; and p,. The corresponding operations on the
proposed algorithm read as follows
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In this paper, unlike [12], where the matrix Eg,f of endmember
spectra is assumed to be known and fixed, the main
contribution proposed in this work consists of updating also an
estimate of that matrix noted E, £, thus making the unmixing
algorithm completely and fully unsupervised. Furthermore,
since this matrix comprises a linear part (M-endmember
reference spectra) and a quadratic part (pseudo-endmember
reference spectra) that only depends on the former matrix, the
gradient expression of the considered cost function with

respect to spectra is calculated only with respect to its linear
component.

To facilitate the derivation of the gradient expression of the
considered cost function J with respect to spectra, this one is
rewritten as follows
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Using Equation (20), the gradient expression of J, with respect
to an element Ep, fik of the linear part of the matrix Eg,r, can

be expressed as follows
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Moreover, two matrix variables IV and W are introduced
V= (XC")OA, (22)
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Thus, the update rule of an element of the linear part of the
endmember spectra B, 5 is

Fres iy = Fref e (24)
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with ERefl,k = max {ERefl,k' 0},

The update rule of an element of the quadratic part of the
spectra matrix Eg, is
[ERef]l'(j’k) = [ERef]l’j X [ERef]l_k’ (25)

In the designed fully unsupervised hyperspectral unmixing
algorithm, the initial values of the key matrix variables are



carefully selected. First, each spectral variability coefficient is
assigned a fixed value equal to one. In addition, the spectra
contained in B, ¢ are initialized using the Vertex Component
Analysis (VCA) method [4]. Furthermore, each non-zero
initial value of the abundance coefficients matrix C is set
to1/M.

Finally, to control the computational cost while ensuring
adequate convergence of the algorithm, a predefined
maximum number of iterations is adopted as a stopping
criterion for the proposed algorithm.

4. EXPERIMENTAL RESULTS

4.1. Tested data

In this study, the tested data consists of a real, radiometrically
and geometrically corrected, hyperspectral data covering a part
of the North-Eastern urban area of Oran, Algeria. The data
were acquired by the PRISMA sensor on September 7, 2024,
with a spatial resolution of 30 m and 234 spectral bands
spanning the VNIR and SWIR spectral regions. For analysis,
only 103 bands are kept, while the remaining bands are
discarded due to noise and atmospheric absorption.

Figure 1. True-color image composite of the tested real data.

4.2. Performance evaluation criteria

To assess the performance of the tested algorithms, some
quantitative criteria are considered. They include the
reconstruction Spectral Angle Mapper (r1SAM), the
reconstruction Root Mean Square Error (rRMSE) and the
Reconstruction Error (RE), computed between the original and
the reconstructed hyperspectral images.

4.3. Obtained results

The results obtained with the designed fully unsupervised
algorithm are compared with those of tested NMF-based
unmixing approaches: the supervised one addressing spectral
variability and nonlinearity [12] (without updating the
spectra), a second approach dealing only with spectral
variability [10], and finally a third one that addresses only
nonlinearity [14].

These tested algorithms are initialized using identical values
for the corresponding model parameters and matrices.
Furthermore, all coefficients of the matrix
al*MP) (respectively  BX*(MP)) as defined in (13) and
controlling the minimum (respectively maximum) degree of
spectral variability, are equal to 0.8 (respectively 1.2).

The reported results correspond to averages obtained over ten
different initializations. Table I summarizes the values
achieved by the considered performance metrics.

Table I. Mean values of the evaluation criteria for the tested
hyperspectral data.

Proposed
algorithm [12] [10] [14]
rSAM(®) 0.6909 1.1721 44779 5.2883
TRMSE 0.0064 0.0102 0.0653 0.0642
RE 0.0004 0.0018 0.0956 0.0801

Figures 2 and 3 show, respectively, the rSAM and the rRMSE
criteria maps calculated between the original data and the
reconstructed ones.

I
Proposed

algorithm [12]

[10] [14]

Figure 2. rSAM maps obtained between the original image and

the reconstructed one.
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Figure 3. rRMSE maps obtained between the original image and
the reconstructed one.

The obtained results show that the proposed algorithm
achieves the best performance for all evaluation metrics, with
the lowest rSAM, rRMSE, and RE values. This indicates
superior spectral preservation and minimal reconstruction
error compared to the tested literature methods, confirming the
effectiveness of the proposed algorithm for hyperspectral data
processing.

5. CONCLUSION

In this paper, a fully unsupervised hyperspectral unmixing
algorithm based on nonnegative matrix factorization is
designed. The proposed unsupervised method jointly accounts
for nonlinearity and spectral variability. It relies on a nonlinear
data mixing model designed to effectively model and address
nonlinear interactions and spectral variations inherent in

hyperspectral data.
Experimental results demonstrate that the proposed
unsupervised unmixing algorithm achieves promising

performance for the analysis of hyperspectral data acquired
from complex real-world scenes, while explicitly accounting
for spectral variability within the considered nonlinear mixing
model.
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