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ABSTRACT
Two active learning algorithms for hyperspectral image

(HSI) classification are proposed that combine density-aware
Fermat distances with Poisson-reweighted harmonic label
propagation. Our methods actively query points using an
uncertainty-based acquisition function, extending Poisson
ReWeighted Laplace Learning (PWLL). Our first algorithm,
Fermat Active Laplace Learning (FALL), builds an affin-
ity matrix using Fermat distances between all data points.
Then, PWLL is run with a diagonal perturbation using the
minimum-norm acquisition function. In contrast, Approxi-
mate FALL (A-FALL) computes Fermat distances between
each data point and landmark pixels selected via farthest-
point sampling and constructs the affinity matrix using land-
mark multidimensional scaling. After several query rounds,
A-FALL selects the Fermat exponent p using a leave-one-
out cross-validation variant. FALL and A-FALL leverage
Fermat distances and subsequent harmonic label propagation
to provide a density-aware estimation of the data manifold,
improving labeling accuracy. Experiments on Salinas A and
Pavia show the effectiveness of FALL and the scalability of
A-FALL to large HSI scenes.

Index Terms— Active learning, semi-supervised learn-
ing, hyperspectral image classification, Fermat distance

1. INTRODUCTION

Machine learning has led to major advances in remote sens-
ing [1, 2, 3]; however, many modern approaches require a
large number of labeled training samples. While recent su-
pervised deep learning architectures can achieve superior la-
beling accuracy on benchmark hyperspectral images (HSI)
[4], they are often impractical when access to training data
is limited. This has motivated semi-supervised methods that
require only a small subset of labeled data for HSI classifica-
tion [5]. In particular, graph-based semi-supervised methods
such as Laplace learning [6] and Poisson learning [7] have
shown strong performance on benchmark high-dimensional
datasets.

Recently, the active learning [8, 9, 10, 11, 12] regime
has shown promise for HSI segmentation [13, 14, 15, 16, 17,
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18, 19, 20, 21, 22, 23, 24, 25]. Starting from an unlabeled
dataset, active learning iteratively queries points for labels to
select the most informative pixels. There is a vast literature
on query selection [26]. Broadly, such methods can be cate-
gorized into those that prioritize exploring unknown regions
of the dataset and those that exploit the downstream classi-
fier’s decision boundaries [12].

The Poisson ReWeighted Laplace Learning (PWLL) al-
gorithm combines an uncertainty sampling querying method
with a variant of the properly weighted Laplace Learning clas-
sifier, showing strong results on certain datasets [27]. A key
algorithmic choice in graph-based methods is the construction
of edge weights. While the RBF kernel is commonly used,
our approach considers a family of weighted shortest-path
metrics known as Fermat distances [28, 29, 30, 31, 32, 33,
34], which use powers of Euclidean distances as weights. Fer-
mat and other shortest-path distances have been used in un-
supervised and semi-supervised machine learning problems
[35, 36, 37, 38, 34, 39].

Motivated by these developments, we propose Fermat
Active Laplace Learning (FALL) and Approximate FALL (A-
FALL). FALL extends PWLL by using an affinity matrix
built from Fermat distances over all data points. In contrast,
A-FALL computes Fermat distances over m landmark pix-
els and uses landmark multi-dimensional scaling (LMDS)
[40] to compute approximate weights for downstream PWLL
classification. Additionally, a variant of leave-one-out cross-
validation (LOO-CV) [41, 42] is used in A-FALL to score a
fixed set of candidate p-values. Experiments on Salinas A and
Pavia show the effectiveness of FALL and the computational
efficiency of A-FALL in the low-label rate regime.

The rest of this paper is organized as follows. In Sec-
tion 2, we review relevant background material. We outline
Fermat exponent learning algorithms in Section 3, proposed
algorithms in Section 4, and experimental results in Section
5. Code is available at: https://github.com/vburan01/FALL.

2. BACKGROUND

2.1. Fermat Distances

Let X = {xi}Ni=1 ⊂ RD denote a HSI with D spectral bands,
with pixels {xi}Ni=1 in RD. Given pixels xi and xj , the dis-
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crete p-weighted Fermat distance between xi and xj is

ℓp(xi, xj) = min
π={xk}Tk=1

(
T−1∑
k=1

∥xk − xk+1∥p
)1/p

where π is a path in {xi}Ni=1 such that x1 = xi and xT = xj ,
and ∥ · ∥ is the Euclidean 2-norm. Intuitively, ℓp(xi, xj) is
small when xi and xj are close in the geodesic sense, and the
shortest path passes through high-density regions. As p ≥
1 increases, paths through high-density regions are favored
more than paths through points close in geodesic distance.

Let GpX denote the complete graph with edge weights
∥xi − xj∥p, and let Gp,kX ⊂ GpX be the undirected, union-
symmetrized kNN subgraph that retains an edge {xi, xj} if
xi is one of the k nearest neighbors of xj . It is shown in [33]
that if k ≈ log(N), the sample Fermat distances computed
over GpX and Gp,kX agree with high probability under stan-
dard sampling assumptions. Thus, Fermat distances can be
computed using Dijkstra’s algorithm in O(N2 log2(N)) time
instead of O(N3).

2.2. Poisson Reweighted Laplacian Learning

We summarize the PWLL-τ method introduced in [27]. Let
X = U∪L, whereL is the set of labeled data points and U are
unlabeled. Let C be the number of classes, and ei ∈ RC be
the ith canonical basis vector. The PWLL-τ algorithm solves
the following problem for a function u : X → RC :

min
u

∑
xi,xj∈X

1

2
γ(xi)γ(xj)Wij∥u(xi)−u(xj)∥2+τ

∑
xi∈U

∥u(xi)∥2

subject to u(x) = ey(x) for x ∈ L, where y(x) denotes the
class label of x, Wij is the (i, j)th entry of the chosen sym-
metric, nonnegative weight matrix W , and τ ≥ 0 controls the
weighting of the diagonal perturbation. Larger τ encourages
u to take smaller values for data points away from the labeled
set L. In practice, we apply an exponential decay schedule
for τ over active learning rounds. The reweighting function
γ : X → R+ is found by solving the graph Poisson equa-
tion,

∑
xj∈X Wij(γ(xi) − γ(xj)) =

∑
xk∈L(δik −

1
N ) for

all xi ∈ X , where δik is the Kronecker delta. We resolve
the additive ambiguity of solutions by grounding one node
and uniformly shifting the resulting potential so its minimum
value is strictly positive. Thus, the reweighting γ is learned
from the data and is motivated by the continuum version of
the graph Poisson equation, whose fundamental solution pro-
duces the appropriate scaling of γ in regions near the labeled
set L [27]. The inferred classification ŷ(xi) for a pixel xi is
given by ŷ(xi) = argmaxk∈{1,...,C} uk(xi), where uk(xi) is
the kth entry of u(xi) ∈ RC .

After each PWLL-τ solve, the minimum-norm acquisi-
tion function A : X → R≥0, given by A(xi) = ∥u(xi)∥ for
xi ∈ X , is used to iteratively query the next labeled point.
After K querying rounds, the (K + 1)th queried point is

given by argminxj∈U A(xj). Intuitively, A reflects the un-
certainty of the classification produced by the PWLL-τ algo-
rithm. With decaying τ -regularization, points selected by A
are encouraged to spread over unexplored regions until suf-
ficient labeling has occurred to cover the dataset in the low-
label rate regime. Afterward, as τ → 0, A will take on smaller
values in regions of high uncertainty. Thus, the acquisition
function A effectively balances exploration and exploitation
of data points for querying.

2.3. Landmark Multi-dimensional Scaling

Given data points {xi}Ni=1, let {zi}mi=1 denote a set of land-
mark points, where m < N . We use farthest point sam-
pling (FPS) [43] to select landmark points, which itera-
tively chooses the (k + 1)th pixel furthest in spectral ℓ2
norm from the previous k points. Let Ddist ∈ RN×m be
the distance matrix defined by Ddist

ij = ℓp(xi, zj), let ∆m

be the squared landmark-to-landmark sub-matrix defined
by (∆m)ij = ℓp(zi, zj)

2. LMDS is run using distances
from Ddist as follows. We form the mean-centered inner
product matrix B = −H∆mH/2, where H is the cen-
tering matrix given by Hij = δij − 1/m. Let {λi}

np

i=1

denote the np strictly positive eigenvalues of B ordered
such that λ1 ≥ λ2 ≥ · · · ≥ λnp , and let vi denote corre-
sponding orthonormal eigenvectors associated with λi for
each i = 1, . . . , np. For a chosen embedding dimension
r ≤ np, the landmark embedding matrix L is given by
L = [

√
λ1v1,

√
λ2v2, . . . ,

√
λrvr] ∈ Rm×r. The ith row

of L gives the r-dimensional LMDS embedding coordi-
nates of zi, denoted {zMDS

i }mi=1. To obtain the remain-
ing embedding coordinates for non-landmark points, let
∆xi ∈ Rm be defined entrywise by (∆xi)j = ℓp(xi, zj)

2

for each pixel xi. Define ∆̄m ∈ Rm componentwise by
(∆̄m)j =

(∑m
b=1 ℓp(zj , zb)

2
)
/m. The embedding coor-

dinates of xi are given by xMDS
i = L†(∆̄m − ∆xi

)/2 ∈
Rr, where L† is the pseudoinverse of L, given by L† =
[v1/
√
λ1, v2/

√
λ2, . . . , vr/

√
λr]

⊤ ∈ Rr×m.

2.4. Kron Reduction

We now develop the application of Kron reduction to the
PWLL harmonic label propagation problem, following the
framework of [44]. We first note that the minimization in Sec-
tion 2.2 is equivalent to minimizing the τ -regularized Dirich-
let energy of the Poisson Reweighted Laplacian Lγ = Dγ −
Wγ , where Wγ is the reweighted weight matrix given entry-
wise by (Wγ)ij = γiγjWij , and Dγ is the reweighted diag-
onal degree matrix given by (Dγ)ii =

∑
j(Wγ)ij . Let U ∈

RN×C be the matrix obtained via stacking u(xi)
⊤ row-wise.

We can block partition Lγ and U into labeled and unlabeled

components: Lγ =

[
LLL LLU
LUL LUU

]
and U =

[
UL
UU

]
. Note that

since 1
2

∑
xi,xj∈X(Wγ)ij∥u(xi) − u(xj)∥2 = tr(UTLγU),

it follows that the τ -regularized harmonic problem is equiv-



alent to minUU E(UL, UU ) = minUU
1
2 tr(U

⊤LγU) +
τ
2 tr(U

⊤
U UU ) subject to the constraint UL = YL, where

YL ∈ R|L|×C is the label matrix whose ith row is given by
e⊤y(xi)

for each labeled point xi ∈ L. Given that LUU + τI

is invertible, where I is the |U| × |U| identity, taking the
derivative with respect to UU yields the optimal UU , given
by U⋆

U = −(LUU + τI)−1LULYL. We note that LUU + τI
is invertible when τ > 0, and when τ = 0 and every con-
nected component of the graph associated with Wγ contains
a labeled node. Substituting U⋆

U and simplifying yields the
τ -regularized reduced energy as a function of YL:

E(YL, U
⋆
U ) =

1

2
tr
(
Y ⊤
L
[
LLL − LLU (LUU + τI)−1LUL

]
YL

)
where Sγ = LLL − LLU (LUU + τI)−1LUL is the Schur

complement of the block matrix
[
LLL LLU
LUL LUU + τI

]
with re-

spect to LUU + τI . In particular, the quadratic form of Sγ

represents the reduced τ -regularized Dirichlet energy over la-
beled nodes L after unlabeled nodes U have been eliminated
through optimality conditions.

3. LEARNING THE FERMAT EXPONENT

The Fermat geometry is heavily dependent on the choice of
p, which determines how density-aware the underlying data
manifold is. We devise two methods, exact leave-one-out
(ELOO) and approximate leave-one-out (ALOO), for learn-
ing p during the active learning process, motivated by [41,
42]. ELOO exactly evaluates the ELOO cross-validation cri-
terion for each candidate exponent in a fixed set, but it is ex-
pensive and impractical for larger HSI scenes and budgets.
Thus, we propose ALOO, which uses principles of Kron re-
duction to learn p efficiently.

3.1. Exact LOO p-learning

Suppose we have a set of candidate exponents P and a cur-
rent labeled set L. For each a ∈ L we consider leaving out a
and forming the reduced set Ra = L \ {a}. For each p ∈ P ,
we form the Poisson reweighted weight matrix W

(p)
γ,Ra

using

labels in Ra, defined by (W
(p)
γ,Ra

)ij = γ
(p,Ra)
i γ

(p,Ra)
j W

(p)
ij .

The weight matrix W (p) is formed using LMDS with land-
mark distances ℓp, and γ(p,Ra) is the solution of the graph
Poisson equation with weights W (p) using labeled nodesRa.
We then solve the PWLL-τ minimization subject to u(x) =

ey(x) for all x ∈ Ra to obtain u
(p)
Ra

: X → RC . The ELOO

prediction for the held-out label a is thus given by u
(p)
Ra

(a) ∈
RC . The ELOO algorithm solves the PWLL-τ minimization
problem overRa for each a ∈ L and for each p ∈ P , leading
to |P||L| total solves.

We then define the ELOO score function SELOO(p) =
1
|L|

∑
a∈L ∥Π(u

(p)
Ra

(a)) − ey(a)∥2, where Π : RC → RC

is a normalization function defined by Π(x) = [x]+∑C
i=1[xi]+

when
∑C

i=1[xi]+ > ϵmach and Π(x) = 1
C1 otherwise,

where 1 is the all-ones vector, ϵmach is machine preci-
sion, and [x]+ = (max{x1, 0}, . . . ,max{xC , 0})⊤. Thus,
SELOO calculates the average difference between normal-
ized ELOO predictions and true labels. We introduce a
confidence margin term, MELOO(p) = 1

|L|
∑

a∈|L| λa(p),

where λa(p) = Π(u
(p)
Ra

(a))y(a) − maxk ̸=y(a) Π(u
(p)
Ra

(a))k.
Hence, MELOO(p) finds the average margin between the true
class score and the largest competing class score. The final
margin-regularized ELOO score is given by SELOO(p) =
ν1MELOO(p)− SELOO(p), where ν1 is a weight parameter.

3.2. Approximate LOO p-learning

In ALOO, we first form the Poisson reweighted weight ma-
trix W

(p)
γ,L using all labels in L for each p ∈ P , with associ-

ated Poisson reweighted Laplacian L
(p)
γ,L. We then solve the

PWLL-τ minimization subject to u(x) = ey(x) for all x ∈ L
to obtain inferred classifications u

(p)
⋆ : X → RC . Then,

let U⋆
U ∈ R|U|×C denote the matrix with ith row given by

u
(p)
⋆ (xi), where xi is the ith unlabeled data point in U . In-

stead of exactly solving the PWLL-τ problem, we form the
Schur complement Sp = (L

(p)
γ,L)LL − (L

(p)
γ,L)LU [(L

(p)
γ,L)UU +

τI]−1(L
(p)
γ,L)UL (Section 2.4). Then, for each a ∈ L, we

can define block-partitioned matrices from sets {a} and Ra

as FL =

[
Fa

YRa

]
and Sp =

[
Sp,aa Sp,aRa

Sp,Raa Sp,RaRa

]
. In partic-

ular, Fa ∈ R1×C is the unknown class prediction for a, and
YRa

∈ R|Ra|×C denote the matrix of fixed labels. When a
is held out, the τ -regularized energy as a function of YL is
given by Ea(YL, U

⋆
U ) = 1

2 tr
(
Y ⊤
L SpYL

)
+ τ

2∥Fa∥2. It fol-
lows that minimizing Ea(YL, U

⋆
U ) is equivalent to minimizing

Ea(Fa, YRa) =
1
2 (Sp,aa + τ)∥Fa∥22 + tr(F⊤

a Sp,aRaYRa) +
Kp,a, where Kp,a = 1

2 tr(Y
⊤
Ra

Sp,RaRaYRa) is a constant
with respect to Fa. Hence, taking the first-order condition
yields (Sp,aa + τ)Fa + Sp,aRa

YRa
= 0. Solving for Fa and

finding ALOO predictions for a thus amounts to computing
F

(Ra)
p,a = −Sp,aRaYRa

Sp,aa+τ .

ALOO thus computes predictions F
(Ra)
p,a for each a ∈

L and each p ∈ P , without solving PWLL-τ for each
set Ra. Thus, the ALOO score function is SALOO(p) =
1
|L|

∑
a∈L ∥Π(F

(Ra)
p,a ) − ey(a)∥2 with the corresponding

confidence margin term MALOO(p) = 1
|L|

∑
a∈L λ′

a(p),

where λ′
a(p) = Π(F

(Ra)
p,a )y(a) − maxk ̸=y(a) Π(F

(Ra)
p,a )k.

The final margin-regularized ALOO score value is hence
given by SALOO(p) = ν2MALOO(p) − SALOO(p). We use
ν1 = ν2 = 0.02 in experiments. The ALOO formulation
assumes that W (p)

γ,L ≈W
(p)
γ,Ra

for each a ∈ L and each p ∈ P .
Numerical experiments suggest that this property holds.



4. THE PROPOSED ALGORITHMS

We propose two algorithms, FALL and A-FALL, which uti-
lize Fermat distances in the underlying affinity matrix, lead-
ing to a density-aware estimation of the underlying data man-
ifold. We further propose a method for learning the optimal
exponent parameter p in A-FALL using ALOO that is scalable
to large HSI scenes (Section 3). FALL and A-FALL show im-
proved accuracy, with A-FALL being an efficient alternative.

A-FALL is outlined in Algorithm 2. The FPS algorithm
[43] is first used to find m landmark points, ensuring that a
spectrally diverse set of points is chosen efficiently. We fix
m = 300 in experiments. Then, we compute Fermat distances
over landmark points via shortest paths using Dijkstra’s algo-
rithm over a sparse kNN graph over X . The corresponding
LMDS embeddings {xMDS

i }Ni=1 are computed according to
section 2.3, where we set r = 32. LMDS approximates Fer-
mat distances efficiently, making Fermat graph construction
and p-learning methods computationally feasible.

In A-FALL, W (p) uses LMDS distances dp(i, j) =
∥xMDS

i − xMDS
j ∥ for the corresponding exponent p and a

self-tuned Gaussian kernel inspired by [45]. For each x ∈ X ,
we define the local bandwidth σx = dp(x, xkσ ) where xkσ is
the kth

σ nearest neighbor of x in the LMDS space. Given that
N (p)

kG
(i) is the set of kG nearest neighbors of xi excluding xi

itself, W (p) is given entrywise by W
(p)
ij = max(Ŵij , Ŵji)

and W
(p)
ii = 0, where Ŵij = exp

(
−dp(xi,xj)

2

η2σiσj

)
if j ∈

N (p)
kG

(i) and j ̸= i, and Ŵij = 0 otherwise. We set
kσ = kG = 20 and η = 8 in experiments. The self-tuned ker-
nel improves numerical conditioning of the PWLL-τ solve.

FALL is outlined in algorithm 1. The weight matrix W (p)

is defined entrywise in the same way as A-FALL, but with
Fermat distances dp(i, j) = ℓp(xi, xj). This leads to an exact
representation of the Fermat geometry at the cost of higher
computation time. In both algorithms, PWLL-τ is used as
the downstream classifier as it mitigates the low-label regime
degeneracy of Laplace learning through Poisson reweighting
[27]. Additionally, τ -regularization increases numerical sta-
bility of the PWLL solve and ensures the minimum-norm
acquisition function A balances exploration and exploitation
of data points. To ensure invertibility of LUU + τI , we re-
quire that the underlying graph associated with W (p) is con-
nected. We use a decay schedule for τ as in [27], given by
τt = τ0 (ε/τ0)

t/(2C) when t < 2C and τt = 0 when t ≥ 2C,
and t = b− 1 where b is the current active learning round.

5. EXPERIMENTAL RESULTS

We show the improved experimental accuracy of FALL and
A-FALL on the Salinas A HSI and a subset of the Pavia Uni-
versity HSI scene [4]. FALL, A-FALL and PWLL-τ were
implemented in Python using NumPy and SciPy. The full
Salinas scene was captured in Salinas Valley, California, and

Algorithm 1: FALL

Input: HSI X = {xi}Ni=1; labeled set L; labels
{yi}i∈L; classes {1, . . . , C}; Regularization
{τt}Bt=1; exponent p; Budget B; Oracle O;
Initial Labels L0;

Output: Predicted labels Ŷ
1 Compute ℓp(xi, xj) for i, j = 1, . . . , N and form

weight matrix W (p)

2 Initialize Lcurr ← L0

3 for b = 1 : B do
4 Solve the graph Poisson system with source

induced by Lcurr to obtain γ

5 Reweight the graph (W
(p)
γ )ij = γiγjW

(p)
ij

6 Run PWLL-τ using weights W (p)
γ , labels Lcurr

and τb weighting to obtain scores u : X → RC

7 Select i⋆ = argmini/∈L ∥u(xi)∥
8 Query yi⋆ = O(xi⋆) from L
9 Update Lcurr ← Lcurr ∪ {xi⋆}

10 Run PWLL-τ with final labels Lcurr and τB weighting
for u : X → RC and assign ŷi = argmaxk uk(xi)

11 return Ŷ = {ŷi}Ni=1

Algorithm 2: A-FALL

1 Input: HSI X = {xi}Ni=1; labeled set L; candidate
set P; landmarks m; MDS dimension r; budget B;
update period T ; oracle O; initial exponent p0;
regularization {τb}Bb=1; Initial Labels L0;

2 Output: Predicted labels Ŷ .
3 Select landmarks Z = {za}ma=1 ⊂ X using FPS.
4 for p ∈ P do
5 Form D from distances ℓp(xi, zj) for each

i = 1, . . . , N and j = 1, . . . ,m.
6 Form self-tuned kNN weight matrix W (p) by

computing embedding coordinates {xMDS
i }Ni=1.

7 Initialize pcurr ← p0, Lcurr ← L0

8 for b = 1 : B do
9 if b ≥ T , b mod T = 0, and b < B then

10 for p ∈ P do
11 Form Sp and F

(Ra)
p,a for each a ∈ Lcurr

12 Compute SALOO(p)

13 Set pcurr ← argmaxp∈P SALOO(p)

14 Run PWLL-τ using weights W (pcurr), labels Lcurr

and τb weighting to obtain scores u : X → RC

15 Select i⋆ = argmini/∈L ∥u(xi)∥
16 Query yi⋆ = O(xi⋆) from L
17 Update Lcurr ← Lcurr ∪ {xi⋆}
18 Run PWLL-τ with final labels Lcurr and τB weighting

for u : X → RC and assign ŷi = argmaxk uk(xi)

19 return Ŷ = {ŷi}Ni=1



has a 3.7-meter spatial resolution per pixel with 224 spectral
bands. The ground truth has 16 classes and a scene size of
512 × 217 pixels. The Salinas A HSI is a subset of the Sali-
nas dataset, with a scene size of 83× 86 pixels and 6 classes.
The Pavia University HSI was captured over the University of
Pavia, Italy, by the ROSIS sensor. The Pavia University HSI
has a scene size of 610× 340 pixels with 103 spectral bands,
and a spatial resolution of 1.3 meters per pixel. The ground
truth has 9 classes. In our experiments, we use a Pavia Uni-
versity subset of size 75× 180 with 9 classes, corresponding
to rows 253 to 327 and columns 30 to 209 of the original HSI.
The performance of our algorithms is assessed using Overall
Accuracy (OA, total fraction of correctly labeled pixels) and
Average Accuracy (AA, mean per-class accuracies).

We test FALL and A-FALL against PWLL-τ . We set
τ0 = 10−3, ε = 10−9, and the p-learning update pe-
riod T = 10 in experiments. For A-FALL, we set P =
{1.5, 2, 3, 4, 6, 8, 10, 12} and p0 = 10 for Salinas A. Sim-
ilarly, we set P = {1.25, 1.5, 2, 3, 4, 6, 8, 10, 12, 14} and
p0 = 4 for the Pavia subset. Optimal values for p0 were
found via grid search. We set L0 = {xR} where xR is a
randomly selected non-background point in X . Experiments
were run on an ASUS ROG Strix G15 with 16GB of memory
and an AMD Ryzen 7 4800H processor.

Table 1 and Figure 1 show the efficacy of FALL and A-
FALL over PWLL-τ , with visualizations in Figure 2. FALL
achieves the best OA and AA on Salinas A, while A-FALL
obtains similar OA and AA scores and takes only 23.45 sec-
onds to run on average. On Pavia, A-FALL obtains the high-
est OA and AA with the smallest average runtime of 93.48
seconds, demonstrating its scalability to larger HSI scenes.

Table 1. Comparison of PWLL-τ , FALL, and A-FALL on
Salinas A at B = 20 and the PaviaU crop at B = 30, averaged
over 10 seeds. Time is averaged over 10 seeds, measured in
seconds. ± represents 1 standard deviation across seeds.
Method p/p0 OA AA Time

Salinas A, B = 20

PWLL-τ – 0.9010±0.0600 0.9006±0.0462 11.67
FALL p = 8 0.9837±0.0053 0.9841±0.0047 37.40
A-FALL p0 = 10 0.9753±0.0159 0.9731±0.0163 23.45

PaviaU Subset, B = 30

PWLL-τ – 0.8416±0.0366 0.6252±0.0443 130.54
FALL p = 8 0.8918±0.0358 0.5987±0.0685 197.21
A-FALL p0 = 4 0.9055±0.0300 0.6307±0.0586 93.48

We provide comparisons of ELOO and ALOO p-learning
on the Pavia subset and display the differences in OA and
AA in Figure 3. At B = 30, ELOO achieved an OA of
0.9066±0.0297 and AA of 0.6296±0.0589 with a mean run-
time 252.59 s, while ALOO achieved an OA 0.9055 ± 0.03
and AA of 0.6307± 0.0586 with a mean runtime of 93.48 s.

(a) OA (b) AA

Fig. 1. Mean OA and AA from B = 1 to B = 20 on Salinas
A. Shaded regions show 1 standard deviation across seeds.

(a) Ground truth (b) FALL prediction

Fig. 2. Salinas A GT vs FALL for p = 8, B = 20, best seed.

6. CONCLUSIONS AND FUTURE WORK

The proposed algorithms, FALL and A-FALL, provide im-
provements in overall accuracy compared to PWLL-τ in the
low-label regime. Both algorithms provide a density-aware
representation of the data manifold, with A-FALL using ap-
proximate Fermat distances via LMDS for greater efficiency.
We introduce two methods to learn the Fermat exponent p
in our algorithm through cross-validation. In future work,
we hope to explore further MDS variants that better preserve
local Fermat distances and consider continuous or gradient-
based p-learning methods. Further theoretical analysis on
how using Fermat distances influences active class discovery
is another direction of interest.

(a) OA (b) AA

Fig. 3. A-FALL with ELOO vs ALOO p-learning on the
PaviaU subset from B = 1 to B = 30 over 10 seeds.
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